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Fro¨hlich discovered the remarkable condensation of polar vibrations into the lowest frequency mode when
the system is pumped externally. For a full understanding of the Fro¨hlich condensate one needs to go beyond
the mean field level to describe critical behavior as well as quantum fluctuations. The energy redistribution
among vibrational modes with nonlinearity included is shown to be essential for realizing the condensate and the
phonon-number distribution, revealing the transition from quasi-thermal to super-Poissonian statistics with the
pump. We further study the spectroscopic properties of the Fro¨hlich condensate, which are especially revealed
by the narrow linewidth. This gives the long-lived coherence and the collective motion of the condensate. Finally
we show that the proteins such as Bovine Serum Albumin (BSA) and lysozyme are most likely the candidates
for observing such collective modes in THz regime by means of Raman or infrared (IR) spectroscopy.
Introduction.– The collective properties in both physical
and biological systems attracted much attention during past
decades and are of great importance for understanding many
peculiar phenomenons, such as nonequilibrium phase transi-
tion of polaritons [1–3], superefficient energy transfer in pho-
tosynthesis [4–7] and cognitive function of some molecular
machinery at work in living cells [8, 9]. In order to under-
stand such out-of-equilibriumcollective feature, Fro¨hlich sug-
gested a condensation of energy at the lowest mode of polar
vibrations once the external energy supply exceeds a thresh-
old [10] and this idea was further followed by others for de-
tailed investigation over three decades [11–14]. Provided the
sufficient energy pump, this large accumulation of phonons
considerably builds up at the lowest mode. This is a reminis-
cence of Bose-Einstein condensate (BEC) [15–17]. A remark-
able progress was recently made by the numerical simulations
based on Wu-Austin Hamiltonian [18], which specified the
parameter regime for weak, mediate and strong condensates
in various proteins [19].
To achieve such out-of-equilibrium condensate, the energy
redistribution essentially plays an important role of introduc-
ing the nonlinearity [10, 19]. The mechanism of the emer-
gence of Fro¨hlich condensate reveals the analogy to the laser
operation [20, 21], which offers new insight to understand the
cooperative phenomena in chemical and biological systems
[22]. The coherent nature of laser is manifested by the narrow
linewidth. Thereby, under proper conditions the Fro¨hlich con-
densate would show the coherent feature which is one of the
main tasks of this work. It may be noted that the redistribu-
tion of energy by the pumping mechanism could allow for the
control of reaction kinetics [23].
The combination of recent advance on X-ray crystallogra-
phy [24] and THz radiation offer effective tools for visualiz-
ing the structural change associated with low-frequency col-
lective vibrations in the materials, i.e., lysozyme protein crys-
tals [25, 26]. The structural change has been observed to sus-
tain for micro- to milli-seconds, which is several orders of the
magnitude longer than the one induced by the redistribution
of THz-vibrations towards thermal distribution [25]. It seems
plausible to attribute this phenomena to Fro¨hlich condensate
that causes non-thermal distribution. The most recent experi-
ment demonstrated in BSA protein the remarkable absorption
feature around 0.314THz, when driving the system by optical
pumping [27]. Understanding these interesting and intriguing
experiments will lead us to the deep thinking about Fro¨hlich’s
mechanism, since the cooperativity has been shown to exist in
some non-physical systems [28, 29]. On the other hand, this
out-of-equilibrium cooperativity manifests its analogy even at
classical level, such that the long-survived limit cycle oscil-
lation in gene network when increasing the binding of active
protein to the gene [30, 31]. Thus it is important to obtain a de-
tailed understanding of the coherence of Fro¨hlich condensate,
which is still obscured and short of the direct evidence, espe-
cially in THz regime. Clearly a full understanding can solely
come from a quantum theory which would give not only the
mean but also quantum fluctuations as well as line-width in-
formation, crucial in spectroscopic measurement.
In this Letter we develop a full quantum statistical theory
for Fro¨hlich condensate. We analytically find that the phonon-
number distribution evolves with external energy pump, from
quasi-thermal to super-Poissonian statistics (sub-Poissonian
statistics is shown in Supplementary Material). Besides, the
long-lived coherence of the condensate is observed, i.e., the
dramatic increase of the lifetime by ∼ 15 times for BSA un-
der room temperature (∼ 50 times under low temperature).
This subsequently characterizes the narrow linewidth in the
spectroscopic signal. We suggest some possible candidates
for observing the Fro¨hlich condensate, such as lysozyme and
BSA proteins rather than the longitudinal vibrations of mi-
crotubules. Moreover the phonon statistics paves the road for
evaluating the quantum fluctuations in the condensate parti-
cles. Note that the experimental studies of the quantum fluc-
tuations in condensates such as exciton polariton condensate
have been reported recently [32].
2FIG. 1: (a) Schematic of molecular vibrations driven into
far-from-equilibrium regime; (b) Vibrational modes absorb
energy from external source at rate of s and surrounding
medium acting as thermal bath causes the dissipation at
rate of φ, corresponding to the 1st term in Eq.(1). Bath
is also responsible for the energy redistribution (nonlinear)
at rate of χ, corresponding to the 2nd term in Eq.(1); (c)
Feynman diagrams for those 1st and 2nd order processes.
Model and equation of motion.– For the low-frequency vi-
brations in molecules, i.e., intramolecular vibrations of pro-
teins in THz regime and low-energy phonon modes in DNA,
the surroundingmedium, such as solvent/water, acts as a ther-
mal environment, resulting in the energy dissipation and re-
distribution. The latter shows the nonlinearity which plays an
important role in biological functions involving the low-loss
energy transport through protein as attributed to the under-
damped low-frequency phonon modes in DNA [33]. Besides,
these vibrational modes are excited by a continuous energy
supply, as shown in Fig.1. We may model the system as a
group of harmonic oscillators with the frequency spectrum
ω j, ( j = 0, 1, 2, · · · , D) where D ≫ 1 denotes the total num-
ber of vibrational modes. The effect of external pump and
environment is governed by the coupling term V(t) = Vp(t) +
(Venv(t) + h.c.) where Vp(t) =
∑D
s=0
(
F∗s (t)ase
−iωst + h.c.
)
and
Venv(t) =
∑
k

D∑
s=0
fs,k√
2
a†sbke
i∆ks t +
D∑
s>l≥0
Gsl,k√
2
a†salbke
i∆k
sl
t
 (1)
The pumping field is characterized by a broad spectrum:
〈Fs(t)F∗l (t′)〉 = rs2 δslδ(t − t′) with a pumping rate of rs and
∆ks = ωs − vk, ∆ksl = ωs − ωl − vk. as and bk stand for the
bosonic annihilation operators for molecular vibrations and
FIG. 2: Transition diagram in accordance to Eq.(2), show-
ing the flow of probability in and out of the |n0〉 state from
and to the neighboring |n0 + 1〉 and |n0 − 1〉 states. (r +
φn¯)(n0 + 1) and (r + φ(n¯ + 1))(n0 + 1) represent the re-
spective phonon emission and absorption, due to the one-
phonon processes (pumping and dissipation); χ(n¯ + 1)(NT −
n0)(n0 + 1) = φn¯(n0 + 1) (χ(n¯ + 1)/φn¯) (NT − n0) corre-
sponds to the process in which phonons are emitted ow-
ing to both dissipation and energy redistribution; χn¯(NT −
n0 + D − 1)(n0 + 1) = φ(n¯ + 1)(n0 + 1) (χn¯/φ(n¯ + 1)) (NT −
n0 + D − 1) corresponds to the process in which phonons
are absorbed owing to both dissipation and energy redis-
tribution. Similar explanations exist for the other terms.
bath modes, respectively. The first term in Eq.(1) describes the
energy exchange between the vibrational modes and environ-
ment, giving the dissipation (one-phonon process). The sec-
ond term in Eq.(1) quantifies the two-phonon process, caus-
ing energy redistribution between the vibrational modes [18].
Defining the density matrix ρn0,m0 =
∑
{nl}〈n0; {nl}|ρ|m0; {nl}〉
for the mode ω0, the equation of motion may be derived, by
adopting the tools from quantum optics [34, 35]. The cal-
culation consists of two steps: (1) derivation of the master
equation for the density matrix of phonons by eliminating the
solvent degrees of freedoms; (2) use of the phonon master
equation to obtain a reduced description of the lowest phonon
frequency mode. All the details are given in Supplementary
Material (SM). The full master equation results in the equa-
tion which the total phonon number N =
∑D
s=0〈a†sas〉 obeys:
N˙ = (D+ 1)(r+ φn¯)−φN showing that the total phonon num-
ber is solely dictated by the external pumping and dissipation.
r and φ = 2π f 2ωD(ω) refer to the rates of energy pumping
and dissipation, respectively. n¯ = [exp(~ω0/kBT )− 1]−1 is the
Planck factor. Thus N does not depend on the processes (iii)
and (iv) in Fig.1(c). We can in fact replace N by its stationary
value as the timescale of interest t > φ−1. Thereby N can be
partitioned into N = Nr + Nth where Nr = (D + 1)r/φ and
Nth = (D + 1)n¯. This manifests the contributions to the total
excitation from external pumping r and thermal distribution
n¯. Such observation enables us to derive a simple equation for
the population at the lowest vibrational mode ω0, assuming
〈n0N〉 ≃ 〈n0〉N
ρ˙n0,n0 = −
(
r + φn¯ + χNn0
)
(n0 + 1)ρn0,n0
+
(
r + φn¯ + χNn0−1
)
n0ρn0−1,n0−1
− (r + φ(n¯ + 1) + χMn0)n0ρn0,n0
+
(
r + φ(n¯ + 1) + χMn0+1
)
(n0 + 1)ρn0+1,n0+1
(2)
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FIG. 3: (a) Phonon numbers at the lowest mode ω0 and ex-
cited modes ωl (l ≥ 1) normalized by total phonon number
N vary with external energy supply; (b) Damping rate γ0 of
condensate varies with external energy supply. Lifetime 1/γ0
is plotted in small panel. In (b), dashed red line is for the
case with no Fro¨hlich condensate when turning off the non-
linearity. Solvent temperatures T = 280K, corresponding to
n¯ = 16. Parameters are taken from Ref.[27] for BSA protein:
ω0 = 0.314 × 2πTHz, φ = 6GHz, χ = 0.07GHz and D = 200.
from the reduced master equation, where Nn0 =
∑D
j=1(n¯ω j0 +
1)〈n j〉n0 , Mn0 =
∑D
j=1 n¯ω j0〈n j+1〉n0 . There are varying degrees
of rigor to evaluate Nn0 and Mn0 . We will choose the one
assuming n¯ω j0 ≃ n¯ which leads toNn0 ≃ (n¯+1)(N−n0),Mn0 ≃
n¯(N − n0 + D). Eq.(2) has a nice interpretation in terms of the
probability flows as depicted in Fig.2.
Out-of-equilibrium condensation of phonons.– To illustrate
the condensation of phonons and its critical behaviors, we es-
sentially obtain the rate equations for the phonon number 〈n0〉
at the lowest mode
〈n˙0〉 = (χNr − φ − χ) 〈n0〉 − χ〈n20〉 +
[
r + φn¯ + χ(n¯ + 1)N
]
(3)
Each term has a physical meaning. The mode ω0 experiences
gain due to the pumping of all the modes and loses energy via
the term (φ + χ)〈n0〉 as well as the nonlinear term χ〈n20〉. The
last bracket in Eq.(3) lead to the residue number of phonons
in mode ω0 even below the pumping threshold
rc =
φ
D + 1
(
1 +
φ
χ
)
(4)
as indicated by χNr − (φ + χ) > 0 in Eq.(3). The equation
for 〈n0〉 has a structure which is a reminiscence of the photon
number for a single mode laser.
Further simplification neglects the fluctuation of n0,
namely, 〈n2
0
〉 ≃ 〈n0〉2, which gives the steady-state phonon
number at mode ω0 shown in Fig.3(a) where the parameters
are taken from recent experiment [27]. Moreover, the ex-
pansion 〈n0〉 in terms of r − rc leads to the scaling 〈n0〉 ≃
F0 + F1(r − rc) when approaching the critical point r = rc.
This gives the critical exponent β = 1.
Coherence of condensate and linewidth.– As a collective
mode, the in-phase motion should be maintained in the con-
densate. This is featured by the long-lived or long-range
coherence, which may be deeply connected to the so-called
     Above threshold                     Below threshold
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FIG. 4: Phonon distribution of the lowest vibrational mode
where the solvent temperature is T = 280K correspond-
ing to n¯ = 16. Energy pump (a) r = 220GHz, (b)
r = 0.55GHz; Orange dots correspond to Poissonian dis-
tribution. Other parameters are the same as that in Fig.3.
off-diagonal long-range order (ODLRO) in superconductivity
and superfluidity [36]. The coherence characteristics of our
condensate are given by the dynamical evolution associated
with the off-diagonal elements of density matrix ρn0,n0+1. To
probe such coherence properties, we can use infrared or Ra-
man spectroscopies. From the reduced master equation, the
coherence dynamics obeys
ρ˙n0,n0+1 = (iω0 − γn0)ρn0,n0+1 + cn0−1ρn0−1,n0
− (cn0 + dn0)ρn0,n0+1 + dn0+1ρn0+1,n0+2
(5)
where
γn0 =
1
4
[
r + φ(n¯ + 1) + χn¯(N − n0 + D)√
n0(n0 + 1) + n0 +
1
2
+
r + φn¯ + χ(n¯ + 1)(N − n0)√
(n0 + 1)(n0 + 2) + n0 +
3
2
] (6)
and cn0 =
√
(n0 + 1)(n0 + 2) [r + φn¯ + χ(n¯ + 1)(N − n0)],
dn0 =
√
n0(n0 + 1) [r + φ(n¯ + 1) + χn¯(N − n0 + D)]. To
solve Eq.(5), we have the ansatz: ρn0 ,n0+1(t) = exp[iω0t −
Dn0(t)]ρ0,1(0)
∏n0
m=1
cm−1/dm by imposing the detailed balance
into the initial condition cn0ρn0,n0+1(0) = dn0+1ρn0+1,n0+2(0)
[35]. The slow variation of γn0 with respect to t gives |Dn0−1 −
Dn0 | ≪ 1 yielding Dn0(t) ≃ γn0 t. We can thereby safely re-
place n0 in γn0 by 〈n0〉. Hence the vibrational coherence of the
lowest mode is approximated to ρn0,n0+1(t) ∝ e(iω0−γ0)t where
the lifetime is given by
γ0 ≃
r + φ
(
n¯ + 1
2
)
4〈n0〉
(7)
for the energy supply much above threshold. Eq.(7) eluci-
dates the considerable suppression of the damping rate by the
large condensation of phonons. This is further supported by
the numerical calculations displayed in Fig.3(b). It shows
that the coherence lifetime when driving system into far-
from-equilibrium regime (r ≃ 200GHz) is ∼10 times than
the expected one induced by the redistribution of THz vi-
brations towards thermal distribution. This, in other words,
4will result in a remarkably sharp peak in the infrared and Ra-
man spectroscopies. On the other hand, the suppression of
damping rate by the large condensation of phonons implies
the long-range coherence in such out-of-equilibrium conden-
sate, due to ℓc ≃ vs/γ0 where vs is the sound wave velocity
(∼ 1500m/s in water). For BSA protein under room temper-
ature, ℓc ≃ 1500 × (1/4.6) × 10−9 = 326nm pumped at rate
r = 0 and ℓc ≃ 1500 × (1/0.3) × 10−9 = 5µm pumped at rate
r = 100GHz.
From the standard definition, we find the infrared fluores-
cence spectra governed by 〈µ(+)(t)µ(−)(0)〉where +(−) denotes
the raising (lowering) part of the dipole operator
S FL(ω) =
32π2Mω
3~Ω
D∑
j=0
|µ j|2γ j〈n j〉
(ω j − ω)2 + γ2j
(8)
where γ−1
j
stands for the lifetime of the j-th vibrational mode.
|µ j| refers to the magnitude of electric dipole moment of the
j-th mode. Ω is the bulk volume and M stands for the amount
of molecules. The j = 0 term in Eq.(8) shows a high-intensity
peak and a narrow linewidth associated with Fro¨hlich conden-
sate as supported by Fig.3(b).
Phonon statistics of Fro¨hlich condensate.– To gain more
information about the out-of-equilibrium condensate of
phonons obtained above, we proceed via the fluctuations of
phonon number which is governed by the phonon distribution
P(n0) = P(0)
(
α
β
)n0 Γ (X
α
)
Γ
(
Y
β
− n0
)
Γ
(
X
α
− n0
)
Γ
(
Y
β
) (9)
at steady state where P(n0) ≡ ρssn0,n0 . X = r+φn¯+χ(n¯+1)(N+
1), Y = r+φ(n¯+1)+χn¯(N+D) and α = χ(n¯+1), β = χn¯. The
nonmonotonic feature of phonon distribution appears when
ncr ≥ 1 such that P(n0) > P(n0 − 1) as n0 < ncr while P(n0) <
P(n0−1) as n0 > ncr, where ncr = N+1− φχ−n¯D. The condition
ncr ≥ 1 implies a threshold of energy supply, which coincides
with the one predicted by Eq.(4) when D ≫ 1. Hence we can
evidently conclude that the out-of-equilibrium condensate is
featured by the non-thermal distribution of phonons, showing
an analogy to the photon number statistics for a single mode
maser rather than the atomic BEC [20, 35].
In terms of P(n0) given by Eq.(9), we are able to obtain
the fluctuation of n0 in further and the higher moments 〈nℓ0〉
will be presented elsewhere. For the energy pump appreciably
above threshold, we have the condensate ratio defined as η =
〈n0〉/N and Mandel parameter Q = 〈∆n20〉/〈n0〉 − 1
η = 1 − φ(φ + χn¯D)
χ(D + 1)(r + φn¯)
Q =
(r + φn¯)
[
φ − χ(D + 1)] + φ(n¯ + 2)(φ + χn¯D)
χ(D + 1)r + φ(χn¯ − φ)
(10)
Increasing the external energy pump r, the numerator of Man-
del parameter Q for the phonon condensate will become neg-
ative once r ≥ (n¯+ 1)
(
2φ
χ
+ n¯D
)
/
(
D
φ
− 1
χ
)
as long as
χ
φ
> 1
D+1
.
Then the sub-Poissonian distribution of phononswill show up,
manifesting the non-classical properties. This is supported by
the numerical calculations of phonon statistics shown in SM.
Fig.4 illustrates the phonon statistics of the lowest vibra-
tional mode ω0 of BSA protein at room temperature, with re-
spect to various rates of energy supply. The super-Poissonian
distribution is shown in Fig.4(a) with the condensate ratio
〈n0〉/N ≃ 69%, when protein is pumped at the rate of r ≃
220GHz above the threshold . This would be feasible since
the energy pump is still not strong compared to the vibrational
frequencies ∼ 0.3THz of BSA protein. However, the thresh-
old for sub-Poissonian statistics of phonons of BSA protein
is estimated to be r = 2.98THz, which considerably exceeds
its vibrational frequencies ∼ 0.3THz. This indicates a strong-
field pump that would however cause other effects, such as
anharmonicity and ionization. Hence the observation of con-
densate of phonons at the lowest mode would be feasible un-
der room temperature, but the non-classical distribution will
be smeared out. This is more feasible when cooling the sur-
round medium, which is shown in Fig.1 in SM.
It should be noted that the quantum fluctuations attracted
much attention in atomic BEC thanks to the experimental
advance during last two decades, although the mean field
treatment based on Gross-Pitaevskii equation had been well
developed for over half century [17]. The large fluctua-
tions especially in the vicinity of critical point often makes
the mean-field theory breakdown, but is crucial for under-
standing the critical phenomenon, even in atomic BEC, i.e.,
superfluid-insulator transition and BEC-BCS crossover. The
phonon-number fluctuation in the condensate would become
experimentally accessible by measuring the number of spon-
taneously emitted photons in temporal domain. The photon
statistics can be then reconstructed and has been demonstrated
in recent experiments on exciton polariton [32].
Discussion and conclusion.– To experimentally implement
the Fro¨hlich condensate, many systems were suggested, i.e.,
microtubules (MT) [37–40], BSA and lysozyme proteins [25–
27] as the most favorite ones. But the feasibility of these sam-
ples are still in debate. First let us see BSA protein whose size
is 140A˚× 40A˚× 40A˚. The area which the sub-THz laser with
the wavelength λ ≃ 400µm focus on the sample is taken as
A ≃ λ2/4 ≃ 40000µm2, in accordance to the diffraction limit.
Using the parameters for Fig.3, our full quantum theory leads
to the estimation of energy supply to produce the condensate
ratio of 50%: Pω ≃ r~ω0 ≃ 20pW given by r ≃ 101GHz.
With the cross section of light scattering for resonance ab-
sorption σ ∼ 10−15cm2, we proceed via the number of pho-
tons captured by protein molecules N = A/σ ∼ 4 × 1011,
which yields the laser power P ≃ PωN ∼ 8W. This would be
feasible for the recent development of high-power laser using
frequency mixing [41].
To overcome the difficulty of using very strong powers
of lasers is to induce the optical excitations of some fluo-
rochromes (i.e., Alexa488) covalently bound to each protein
molecule [27]. The excited fluorochromes create fluores-
cence, resulting in the transfer of some residue energy into the
5vibrational modes of protein. In practice, this method takes
the advantage of avoiding the optical transition of protein and
suppressing the absorption by surrounded water molecules
which causes the laser-induced heating up, when pumped by
the Argon laser with wavelength of 488nm. Also, such indi-
rect pumping scheme would demand much less laser power
than the one using infrared maser, due to the fact that the
smaller laser spot can be achieved in optical excitation regime.
For lysozyme protein, the recent advances in both exper-
iments and theory found the sub-THz excitation at ω0 =
0.4 × 2πTHz and the damping rate φ ∼ 1GHz [25, 42]. Due
to the diffraction limit, the area which the sub-THz laser with
the wavelength λ ≃ 400µm focus on the sample is taken as
A ≃ λ2/4 ≃ 40000µm2. Under the room temperature, the full
quantum theory estimates the energy supply for the conden-
sate ratio of 50%: Pω ≃ 4.2pW given by r ≃ 16GHz. Then the
number of photons captured by the sample reads N = A/σ ∼
4 × 1011, yielding the laser power P ≃ PωN ∼ 1.6W. This
would be feasible for CW THz laser [41].
In conclusion, we have developed a full quantum statisti-
cal theory using nonequilibrium equations of motion for the
Fro¨hlich condensate. Our model goes much beyond the prece-
dent results by providing an elegant description of the crit-
ical behavior of the phase transition towards the condensa-
tion of phonons. Besides, the model led us to the phonon-
number distribution of the condensate with the energy pump-
ing, evolving from quasi-thermal to super-Poissonian statis-
tics. This yields an analogy to laser operation. Moreover, we
proposed an infrared spectroscopy for experimentally probing
such collective mode, evident by the remarkably sharp peak
with narrow linewidth. The development of quantum statis-
tical theory for Fro¨hlich condensate, especially the fluctua-
tion aspects, offers the new insights and perspective for the
driven-dissipation systems that would stimulate the research
on novel properties of low-frequency vibrations of the materi-
als far-from-equilibrium.
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This supplementary material will provide the derivations for some equations in main text and
also some detail analysis of Fro¨hlich condensate in support of the main text.
DESCRIPTION OF MOLECULES IMMERSED IN SOLVENT
When the molecules are placed in dense medium, i.e., solvent, the full description usually includes the energy of
electrons, nucleis of molecules and nucleis of the medium, as well as their interactions. In practice, however, modeling
to include so many degrees of freedoms is overwhelmly complicated, which makes the theory elusive and unaccessible.
Fortunately, thank to their distinct energy and time scales, we do not have to deal with such a large amount of DOF in
practice. This enables us to simplify the model which contains certain DOF of interests. Since we are focusing on the
low-frequency (THz) vibrations of molecules where the electron motions will not be altered much in experiments, the
effective description of the system contains only the nucleis of molecules and surrounding medium (solvent), dropping
the electron energy. In this sense, the Hamiltonian of our interest reads
H = H0nul(p,q) +Hsol(P,Q) + V (q,Q) (1)
where p,P are the respective momentums of nucleis in molecules and medium, in conjugate with their coordinates
q,Q. The 1st and 2nd terms in Eq.(1) stand for the free Hamiltonians of nucleis in molecules and medium, respectively.
The 3rd term is the potential energy that the nucleis in molecules feel when embedded in the medium. By treating
the nuclear motion as many harmonic oscillators, the Hamiltonian is of the form
H0nul(p,q) =
∑
i
(
p2i
2mi
+
1
2
miω
2
i q
2
i
)
+
∑
k
V (q, 0), Hsol(P,Q) =
∑
k
(
P 2k
2Mk
+
1
2
MkΩ
2
kQ
2
k
)
V¯ (q,Q) = V (q,Q)− V (q, 0)
(2)
Note that the interaction V¯ (q, 0) = 0. For simplicity, let us assume the additive form of interaction with respect
to solvent coordinates Q, namely, V (q,Q) =
∑
k V (q, Qk) so that V¯ (q,Q) =
∑
k V¯ (q, Qk). Because of the small
deviations of nucleis from their equilibrium positions, we proceed by keeping those terms such as qiQk, qiqjQk and
qjQ
2
k through the expansion of the interaction V¯ (q,Q) in terms of qi and Qk. On the other hand, the two-quanta
absorption/emission process governed by qjQ
2
k terms will be neglected in current work, because of its lower chance
to take place than the Raman-like process given by qiqjQk terms. With these concerns and Eq.(2), we are led to
the coupling between molecular vibrations and the surrounding dense medium (solvent) in the second quantization
formalism
Vms(t) = ~
∑
i
∑
k
fi,k
(
a†ibke
i(ω¯i−Ω¯k)t + h.c.
)
+ ~
∑
i,j
∑
k
Gij,k
(
a†iajbke
i(ω¯i−ω¯j−Ω¯k)t + h.c.
)
(3)
which was alternatively termed as Wu-Austin Hamiltonian in the literatures [1]. fi,k and Gij,k refer to the coupling
constants between molecular vibrations and solvent, as determined by the geometry of potential which nuleis in
molecules feel in the presence of solvent. In fact the magnitudes of these coupling constants were figured out by fitting
with experiments. ai and bk are the bosonic annihilation operators for the i-th vibrational mode of molecules and the
solvent modes, respectively. ω¯i and Ω¯k denote the respective frequencies associated with the i-th vibrational mode of
molecules and the solvent modes.
2PHONON MASTER EQUATION
The external source needs to provide the molecules energy input, driving the system into out-of-equilibrium regime,
i.e., laser pump. In reality, the solvent surrounding the molecules always causes the dephasing between molecules,
which subsequently effects in the incoherent pumping. In this sense, the coherence between different vibrational
modes will not be considered when deriving the equation of motion (EOM) for phonons. The effective Hamiltonian
for pumping has the following form
Vp(t) = ~
D∑
s=0
(
F ∗s (t)ase
−iωst + Fs(t)a
†
se
iωst
)
(4)
where Fs(t) denotes the effective broad-band pumping field whose spectrum is assumed to cover the low-frequency
vibrations (THz) considered here 〈F ∗s (t)Fs′ (t
′)〉 = p2δss′δ(t− t
′).
The solvent usually contains a large amount of nuclear degrees of freedoms, which may relax much faster than the
molecules. This part of degrees of freedoms can be properly treated as Markovian bath, since we are interested in the
dynamics of molecular vibrations. Using the standard method [2], the reduced master equation is given by
ρ˙ = −
1
~2
(∫ ∞
0
dt′ Trb〈[Vp(t), [Vp(t− t
′), ρb ⊗ ρ(t)]]〉+
∫ ∞
0
dt′ Trb[Vms(t), [Vms(t− t
′), ρb ⊗ ρ(t)]]
)
(5)
where the state of the full system ρT (t) = ρ(t) ⊗ ρb(0) + ρc and ρc is of the higher order of system-bath coupling.
Notice that in Eq.(5) ρ(t′) has been replaced by ρ(t) under Markovian approximation. The solvent is at thermal
equilibrium with finite temperature, so that ρb = Z
−1
b
∏
k exp(−~Ω¯kb
†
kbk/kBT ). Trb and 〈· · · 〉 denote the average
over the bath and stochastic pumping field, respectively. Substituting Eq.(3) into Eq.(5), some algebra gives rise to
the equation of motion
ρ˙ =
D∑
s=0
rωs
2
(
asρa
†
s − a
†
sasρ+ a
†
sρas − asa
†
sρ
)
+
φ
2
D∑
s=0
[
(n¯ωs + 1)
(
asρa
†
s − a
†
sasρ
)
+ n¯ωs
(
a†sρas − asa
†
sρ
)]
+
χ
2
D∑
s=1
s−1∑
l=0
[
(n¯ωsl + 1)
(
a†lasρa
†
sal − a
†
sala
†
l asρ
)
+ n¯ωsl
(
a†salρa
†
las − a
†
l asa
†
salρ
)]
+ h.c.
(6)
and n¯ω = [exp(~ω/kBT ) − 1]−1 is the Planck factor. rω = 2πpD(ω), φ = 2πf2ωD(ω), χ = 2πG
2
ωD(ω) are the rates
of pumping, dissipation (one-phonon) and energy redistribution (two-phonon), respectively. D(ω) is the density of
states of the solvent as a bath. Due to the smooth spectral density of bath over the range of vibration frequency
considered, the rates of dissipation and energy redistribution can be properly approximated to be the same for each
mode. Usually the two-phonon process takes place slower than the one-phonon process, namely, χ < φ.
From Eq.(3), the total number of phonons will be solely dictated by the pumping and dissipation, regardless of the
energy redistribution process. To manifest this, we start from the rate equations of phonon numbers
〈n˙l〉 = rl + φ
[
n¯ωl (〈nl〉+ 1)− (n¯ωl + 1) 〈nl〉
]
+ χ
{∑
j>l
[ (
n¯ωjl + 1
)
〈nj(nl + 1)〉 − n¯ωjl〈(nj + 1)nl〉
]
+
∑
j<l
[
n¯ωlj 〈nj(nl + 1)〉 −
(
n¯ωlj + 1
)
〈(nj + 1)nl〉
]} (7)
which can be obtained from Eq.(6). By further approximating the constant pumping as well as Planck factor rl ≃
r, n¯ωl ≃ n¯ω0 ≡ n¯, n¯ωjl ≃ n¯ω0 ≡ n¯ due to the fact of smooth spectrum density of the bath, we obtain the rate equation
for the total number of phonons N =
∑D
s=0 a
†
sas
〈N˙〉 = (D + 1)(r + φn¯)− φ〈N〉+ χ
(D−1∑
l=0
D∑
j=l+1
〈nj(nl + 1)〉 −
D∑
l=1
l−1∑
j=0
〈(nj + 1)nl〉
)
= (D + 1)(r + φn¯)− φ〈N〉
(8)
where the χ-term above exactly vanishes because of the identity
D−1∑
l=0
D∑
j=l+1
〈nj(nl + 1)〉 =
D∑
j=1
j−1∑
l=0
〈nj(nl + 1)〉 ≡
D∑
l=1
l−1∑
j=0
〈nl(nj + 1)〉 (9)
3In what follows we can properly assume the stationary 〈N〉 ≃ (D + 1)(rω + φn¯ω)/φ during the observation timescale
τ ≫ φ−1.
CONNECTION TO FRO¨HLICH’S WORK
By making the decorrelation approximation between vibrational modes, we can recast Eq.(7) into
〈n˙l〉 =r − φn¯ωl
[
〈nl〉e
~ωl/kBT − (〈nl〉+ 1)
]
− χ
{
(n¯+ 1)
∑
j>l
[
〈nj + 1〉〈nl〉e
~(ωl−ωj)/kBT − 〈nj〉〈nl + 1〉
]
+ n¯
∑
j<l
[
〈nj + 1〉〈nl〉e
~(ωl−ωj)/kBT − 〈nj〉〈nl + 1〉
]}
(10)
which recovers Fro¨hlich’s results [3]. Based on Eq.(7), the rate equation for n0 is given by
〈n˙0〉 = r + φ
[
n¯(〈n0〉+ 1)− (n¯+ 1)〈n0〉
]
+ χ
D∑
s=1
[
(n¯ωs0 + 1)〈ns〉(〈n0〉+ 1)− n¯ωs0(〈ns〉+ 1)〈n0〉
]
(11)
where in the χ-part in Eq.(11) the first term describes the process such that the mode ω0 is pumped by the mode ωs,
together with the dissipation by the bath mode ωs − ω0. The reverse process is described by the second term. These
are in correspondence to the Feynman diagrams shown in Fig.1(c) in the main text. At the steady state, the phonon
number at mode ω0 can be formally solved as
〈n0〉 =
r + φn¯+ χ(n¯+ 1)〈Ne〉
φ− χ(〈Ne〉 −Dn¯)
(12)
by introducing the phonon number at higher-frequency modes 〈Ne〉 =
∑D
l=1〈a
†
l al〉 and the positivity of 〈n0〉 results
in the upper bound of 〈Ne〉
〈Ne〉 <
φ
χ
+Dn¯ (13)
Since the total number of phonons 〈N〉 is solely determined by pumping and dissipation (one-phonon processes) as
shown in Eq.(8), the condensation of phonons at mode ω0 will therefore take place once the external energy supply
rω exceeds a threshold. To quantify this, we recast Eq.(11) by inserting 〈Ne〉 = 〈N〉 − 〈n0〉
〈n˙0〉 = a(r − rc)〈n0〉 − χ〈n0〉
2 + b(r + φn¯)
rc =
φ
D + 1
(
1 +
φ
χ
)
, a =
(D + 1)χ
φ
, b = 1+ (D + 1)(n¯+ 1)
χ
φ
(14)
which is a reminiscence of laser equation, in that a(r − rc) serves as gain that becomes positive when the pumping
exceeds the threshold rc and χ gives the saturation (nonlinear). The constant term b(r + φn¯) results in the residue
number of phonons at mode ω0 below the threshold, which is analogous with the equilibrium Bose-Einstein condensate.
Notice that in deriving Eq.(14) the total number of phonons 〈N〉 has been replaced by its stationary value as given
by Eq.(8). This takes the rational when considering the physics within timescale τ ≫ φ−1.
POPULATION DYNAMICS OF THE LOWEST MODE
Obviously, the two-phonon process governed by the 2nd term in Eq.(3) commutes with the total phonon number
operator N . This, in other words, implies that the total phonon number always keeps unchanged under two-phonon
process. In this sense, the two-phonon process would results in the correlation between the fluctuations of n0 and
ns(s ≥ 1). To manifest this, we essentially consider the physics under the timescale t ≫ φ−1 and fast pumping so
that the total phonon number properly reaches its stationary value
〈N〉 = (D + 1)
(
r
φ
+ n¯
)
(15)
4given by Eq.(8), which shows that the total number of phonons is solely dictated by one-phonon processes, regardless
of two-phonon process. Then the identity
〈n0〉+
D∑
s=1
〈a†sas〉 = 〈N〉 (16)
indicates a constraint between the phonon numbers at mode ω0 and higher-frequency modes ωs(s ≥ 1). The correlation
between the phonon numbers at mode ω0 and modes ωs(s ≥ 1) then becomes important, in that the two-phonon
process may annihilate(create) one phonon at mode ω0 and subsequently create(annihilate) one phonon at modes
ωs(s ≥ 1), keeping 〈N〉 invariant. To capture this feature, it would be better to assume decorrelation between n0
and N such that 〈n0N〉 ≃ 〈n0〉〈N〉, rather than the decorrelation approximation made for all the vibrational modes
〈ninj〉 ≃ 〈ni〉〈nj〉, (i, j = 0, 1, 2, · · · , D). To this end, we define the density matrix for the mode ω0
ρn0,m0 =
∑
{nl}
〈n0, {nl}|ρ|m0, {nl}〉, {nl} = {n1, n2, · · · , nD} (17)
and notes the fact∑
{nl}
〈n0, {nl}|
(
2a0ρa
†
0 − a
†
0a0ρ− ρa
†
0a0
)
|n0, {nl}〉
= 2
∑
{nl}
(
(n0 + 1)〈n0 + 1; {nl}|ρ|n0 + 1; {nl}〉 − n0〈n0; {nl}|ρ|n0; {nl}〉
)
= 2
(
(n0 + 1)ρn0+1,n0+1 − n0ρn0,n0
)
∑
{nl}
〈n0, {nl}|
(
2a†0ρa0 − a0a
†
0ρ− ρa0a
†
0
)
|n0, {nl}〉
= 2
∑
{nl}
(
n0〈n0 − 1; {nl}|ρ|n0 − 1; {nl}〉 − (n0 + 1)〈n0; {nl}|ρ|n0; {nl}〉
)
= 2
(
n0ρn0−1,n0−1 − (n0 + 1)ρn0,n0
)
∑
{nl}
〈n0, {nl}|
(
2asρa
†
s − a
†
sasρ− ρa
†
sas
)
|n0, {nl}〉
= 2
∑
{nl}
(
(ns + 1)〈n0; {n1, · · · , ns + 1, · · · , nD}|ρ|n0; {n1, · · · , ns + 1, · · · , nD}〉 − ns〈n0; {nl}|ρ|n0; {nl}〉
)
= 0
∑
{nl}
〈n0, {nl}|
(
2a†sρas − asa
†
sρ− ρasa
†
s
)
|n0, {nl}〉
= 2
∑
{nl}
(
ns〈n0; {n1, · · · , ns − 1, · · · , nD}|ρ|n0; {n1, · · · , ns − 1, · · · , nD}〉 − (ns + 1)〈n0; {nl}|ρ|n0; {nl}〉
)
= 0
(18)
which gives
ρ˙n0,n0 =(r + φ(n¯+ 1))
(
(n0 + 1)ρn0+1,n0+1 − n0ρn0,n0
)
+ (r + φn¯)
(
n0ρn0−1,n0−1 − (n0 + 1)ρn0,n0
)
+ χ
D∑
s=1
[
(n¯ωs0 + 1)
∑
{nl}
(
n0ns〈n0 − 1; {nl}|ρ|n0 − 1; {nl}〉 − (n0 + 1)ns〈n0; {nl}|ρ|n0; {nl}〉
)
+ n¯ωs0
∑
{nl}
(
(n0 + 1)(ns + 1)〈n0 + 1; {nl}|ρ|n0 + 1; {nl}〉 − n0(ns + 1)〈n0; {nl}|ρ|n0; {nl}〉
)]
(19)
5Using the identity
〈n0; {nl}|ρ|n0; {nl}〉 = P ({nl}|n0)ρn0,n0 (20)
from the probability theory, where P ({nl}|n0) stands for the probability of phonon configuration {nl} given that n0
phonons at mode ω0, one has
∑
{nl}
ns〈m0; {nl}|ρ|m0; {nl}〉 =
∑
{nl}
nsP ({nl}|m0)ρm0,m0 = 〈ns〉m0ρm0,m0
∑
{nl}
(ns + 1)〈m0; {nl}|ρ|m0; {nl}〉 =
∑
{nl}
(ns + 1)P ({nl}|m0)ρm0,m0 = 〈ns + 1〉m0ρm0,m0
(21)
where m0 = n0, n0 ± 1. Inserting Eq.(21) into Eq.(19), some algebra leads to the dynamical equation which the
population at mode ω0 obeys
ρ˙n0,n0 =−
(
r + φn¯+ χNn0
)
(n0 + 1)ρn0,n0 +
(
r + φn¯+ χNn0−1
)
n0ρn0−1,n0−1
−
(
r + φ(n¯ + 1) + χMn0
)
n0ρn0,n0 +
(
r + φ(n¯+ 1) + χMn0+1
)
(n0 + 1)ρn0+1,n0+1
(22)
with
Nn0 =
D∑
s=1
(n¯ωs0 + 1)〈ns〉n0 , Mn0 =
D∑
s=1
n¯ωs0〈ns + 1〉n0 (23)
Nn0 and Mn0 can be evaluated in varying degrees of rigor. Here we choose the one such that n¯ωs0 ≃ n¯ω0 ≡ n¯ which
leads to Nn0 ≃ (n¯ + 1)(〈N〉 − n0), Mn0 ≃ n¯(〈N〉 − n0 + D) and then Eq.(2) in the main text can be recovered.
The physical meaning of Eq.(22) can be interpreted in terms of probability flows as shown in Fig.2 in the main text.
Moreover, we obtain the rate equation for phonon number at mode ω0
〈n˙0〉 = a(r − rc)〈n0〉 − χ〈n
2
0〉+ b(r + φn¯) (24)
with the same definition of a, b and rc as in Eq.(14).
OFF-DIAGONAL ELEMENTS OF THE LOWEST MODE
The coherence ρn0,m0 (m0 6= n0) requires different numbers of phonons between the two states, according to Eq.(17).
This is to say that one has to introduce the fluctuation of phonon number 〈N〉, which takes the rational in that the
dynamical process is under consideration when discussing the coherence lifetime. The dynamical equation of coherence
then reads
ρ˙n0,n0+1 = iω0ρn0,n0+1 +
(
r + φn¯
) [√
n0(n0 + 1) ρn0−1,n0 −
(
n0 +
3
2
)
ρn0,n0+1
]
+
(
r + φ(n¯+ 1)
) [√
(n0 + 1)(n0 + 2) ρn0+1,n0+2 −
(
n0 +
1
2
)
ρn0,n0+1
]
+ χ
D∑
s=1
{
(n¯ωs0 + 1)
∑
{nl}
ns
[√
n0(n0 + 1)〈n0 − 1; {nl}|ρ|n0; {nl}〉 −
(
n0 +
3
2
)
〈n0; {nl}|ρ|n0 + 1; {nl}〉
]
+ n¯ωs0
∑
{nl}
(ns + 1)
[√
(n0 + 1)(n0 + 2)〈n0 + 1; {nl}|ρ|n0 + 2; {nl}〉 −
(
n0 +
1
2
)
〈n0; {nl}|ρ|n0 + 1; {nl}〉
]}
(25)
by inserting Eq.(17) into Eq.(6) and 〈N〉 =
∑D
s=0 ns. ρn0,n0±1 is the one that mainly contributes to the condensate in
response to the external field, because the dipole-induced single photon absorption/emission dominates. By invoking
6n¯ωs0 ≃ n¯ω0 ≡ n¯ and making use of the relations
D∑
s=1
∑
{nl}
ns〈n0 − 1; {nl}|ρ|n0; {nl}〉 = (〈N〉 − n0 + 1)ρn0−1,n0
D∑
s=1
∑
{nl}
ns〈n0; {nl}|ρ|n0 + 1; {nl}〉 = (〈N〉 − n0)ρn0,n0+1
D∑
s=1
∑
{nl}
(ns + 1)〈n0 + 1; {nl}|ρ|n0 + 2; {nl}〉 = (〈N〉 − n0 − 1 +D)ρn0+1,n0+2
D∑
s=1
∑
{nl}
(ns + 1)〈n0; {nl}|ρ|n0 + 1; {nl}〉 = (〈N〉 − n0 +D)ρn0,n0+1
(26)
and Eq.(25) the equation which ρn0,n0+1 obeys takes the form of
ρ˙n0,n0+1 = (iω0 − γn0)ρn0,n0+1 + cn0−1ρn0−1,n0 − (cn0 + dn0)ρn0,n0+1 + dn0+1ρn0+1,n0+2 (27)
where
γn0 =
r + φ(n¯+ 1) + χn¯(〈N〉 − n0 +D)
4
(√
n0(n0 + 1) + n0
)
+ 2
+
r + φn¯+ χ(n¯+ 1)(〈N〉 − n0)
4
(√
(n0 + 1)(n0 + 2) + n0
)
+ 6
cn0 =
√
(n0 + 1)(n0 + 2) [r + φn¯+ χ(n¯+ 1)(〈N〉 − n0)]
dn0 =
√
n0(n0 + 1) [r + φ(n¯+ 1) + χn¯(〈N〉 − n0 +D)]
(28)
We are facing a three-term differential recurrence of complicated but time-independent coefficients, since each term
ρn0,n0+1 couples only its nearest neighbors, i.e., ρn0−1,n0 and ρn0+1,n0+2. To solve Eq.(27) we impose the detailed bal-
ance into the initial condition cn0ρn0,n0+1(0) = dn0+1ρn0+1,n0+2(0) (analogously cn0−1ρn0−1,n0(0) = dn0ρn0,n0+1(0))
which suggests the ansatz for the solution [5]
ρn0,n0+1(t) = e
[iω0t−Dn0(t)]ρn0,n0+1(0) = e
[iω0t−Dn0(t)]ρ01(0)
n0∏
m=1
cm−1
dm
D˙n0 = γn0 + dn0
(
1− e−(Dn0−1−Dn0 )
)
+ cn0
(
1− e−(Dn0+1−Dn0 )
) (29)
One can further expand the exponential by assuming |Dn0−1 −Dn0 | ≪ 1 and thus Dn0(t) ≃ γn0t. This holds when
γn0 is a slowly varying function of t, because of
|Dn0−1 −Dn0 | ≃ |γn0−1 − γn0 |t ≃
∣∣∣∣∂γn0∂t
∣∣∣∣ t (30)
and we can thereby safely replace n0 in γn0 by 〈n0〉. Hence the vibrational coherence of the lowest mode is approxi-
mated to
ρn0,n0+1(t) ≃ e
(iω0−γ0)tρ01(0)
n0∏
m=1
cm−1
dm
(31)
where the line-width is given by
γ0 =
r + φ(n¯+ 1) + χn¯(〈N〉 − 〈n0〉+D)
4
(√
〈n0〉(〈n0〉+ 1) + 〈n0〉
)
+ 2
+
r + φn¯+ χ(n¯+ 1)(〈N〉 − 〈n0〉)
4
(√
(〈n0〉+ 1)(〈n0〉+ 2) + 〈n0〉
)
+ 6
≃
r + φ
(
n¯+ 12
)
4〈n0〉
when r0 ≫ rc
(32)
which gives Eq.(2) in the main text.
7FLUORESCENCE SPECTRA AND LINE-WIDTH
Since the absorption and emission will simultaneously take place when the damping oscillator is driven by external
force, we should better collect the fluorescence signal of molecules off the forward direction to eliminate the absorption
process. From the standard definition of fluorescence signal ddt 〈a
†
kσakσ〉, one has
SFL(ωkσ) =
2CEk
~2
Im
[∫ ∞
0
dt eiωkσtTr
(
µ(+)(t)µ(−)(0)ρ0
)]
=
2CEk
~2
D∑
j=0
|µj · eˆkσ|
2γj〈nj〉
(ωkσ − ωj)2 + γ2j
(33)
where Ek ≡
√
~ωkσ/2ǫ0V and V is the bulk volumn. C stands for the concentration of molecules.
PHONON STATISTICS OF FRO¨HLICH CONDENSATE
The equation of motion for the phonon distribution function P (n0) at steady state reduces to
− (n0 + 1) (X − α(n0 + 1))P (n0) + n0 (X − αn0)P (n0 − 1)
− n0 (Y − βn0)P (n0) + (n0 + 1) (Y − β(n0 + 1))P (n0 + 1) = 0
(34)
with
X = r + φn¯+ χ(n¯+ 1)(N + 1), Y = r + φ(n¯+ 1) + χn¯(N +D)
α = χ(n¯+ 1), β = χn¯
(35)
The detailed balance condition makes the second-order difference equation Eq.(34) reduce to the equivalent system
of two first-order difference equations
n0 (X − αn0)P (n0 − 1)− n0 (Y − βn0)P (n0) = 0
(n0 + 1) (X − α(n0 + 1))P (n0)− (n0 + 1) (Y − β(n0 + 1))P (n0 + 1) = 0
(36)
whose solution is
P (n0) = P (0)
(
α
β
)n0 Γ (Xα )Γ
(
Y
β − n0
)
Γ
(
X
α − n0
)
Γ
(
Y
β
)
P (0) =
[
2F1
(
1, 1−
X
α
; 1−
Y
β
;
α
β
)
−
(
α
β
)N+1 Γ (Xα )Γ
(
Y
β − 1−N
)
Γ
(
X
α − 1−N
)
Γ
(
Y
β
)
× 2F1
(
1, 2 +N −
X
α
; 2 +N −
Y
β
;
α
β
)]−1
(37)
where 2F1(a, b; c; z) denotes the hypergeometric function of order (2, 1). With some manipulations we obtain the
mean and the 2nd moment of phonon number
〈n0〉 =
α
α− β

X
α
− 1−
Y
α
(1− P (0))− P (0)
(
α
β
)N Γ (Xα )Γ
(
Y
β −N
)
Γ
(
X
α − 1−N
)
Γ
(
Y
β
)


〈n20〉 =
α
α− β

(X − Y − β
α
− 1
)
〈n0〉+
Y
α
(1− P (0))− P (0)N
(
α
β
)N Γ (Xα )Γ
(
Y
β −N
)
Γ
(
X
α − 1−N
)
Γ
(
Y
β
)


(38)
When the energy pump appreciably exceeds threshold, the terms in Eq.(38) associated with P (0) are insignificant,
because of P (0)≪ 1. Thus the mean phonon number and Mandel parameter Q = (〈n20〉 − 〈n0〉
2)/〈n0〉 − 1 read
〈n0〉 ≃
X − Y − α
α− β
, Q ≃
Y
X − Y − α
−
α
α− β
(39)
8     Above threshold                     Below threshold
rw=0.55GHz
Q=-0.24
rw=105GHz
rw=2.48GHz
T=34K T=34K
(f)
(g) (h)
Q=3.45
rw=11GHz
T=34K
(e)
T=34K
FIG. 1: Phonon distribution of the lowest vibrational mode where the solvent temperature is T = 34K
corresponding to n¯ = 1.5. Energy pump (a) r = 11GHz, (b) r = 0.55GHz, (c) r = 105GHz and (d) r = 2.48GHz;
Orange dots correspond to Poissonian distribution. Parameters are taken from Ref.[6]: ω0 = 0.314× 2πTHz,
φ = 6GHz, χ = 0.07GHz and D = 200.
which subsequently gives Eq.(9) in the main text. In support of the results in main text, the phonon distribution is
shown in Fig.1 for a variety of parameters.
When cooling the environment to T = 34K, the quantum nature of this out-of-equilibrium condensate will become
feasible to be observed, since the threshold given by negativeQ for sub-Poissonian distribution reduces to r = 61.3GHz
which is much lower than the vibrational frequencies ∼ 0.3THz of BSA protein. Fig.1(b) shows the thermal-like
distribution of phonons below the threshold, which gives the classical behavior of the fields. When the BSA protein
is pumped at the rate of r = 11GHz above the threshold, the distribution shows the super-Poissonian feature with
the condensate ratio 〈n0〉/NT ≃ 42%, as displayed in Fig.1(a). The sub-Poissonian statistics with condensate ratio
〈n0〉/NT ≃ 90% is further manifested when the energy pump r = 105GHz, as elucidated in Fig.1(c). Such quantum
effect seems novel and surprising since the energy redistribution as a typical nonlinear process could results in the
non-classical feature of the phonon condensate when the molecules are pumped and dissipated incoherently. The
similar quantum effect induced by far-from-equilibrium was also predicted before [7–9]. Hence a hidden quantum
nature of Fro¨hlich condensate is indicated and might cause the long-range coherence of the condensate, in an analogy
to the so-called off-diagonal long-range order (ODLRO) proposed in superconductivity and superfluidity [10].
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